Theory and Ab Initio Computation of the Anisotropic Light Emission in Monolayer Transition Metal Dichalcogenides by Chen, Hsiao-Yi et al.
Supporting information for:
Theory and Ab Initio Computation of the
Anisotropic Light Emission in Monolayer
Transition Metal Dichalcogenides
Hsiao-Yi Chen,†,§ Maurizia Palummo,‡ Davide Sangalli,¶ and Marco Bernardi∗,†
†Department of Applied Physics and Materials Science, California Institute of Technology,
Pasadena, California 91125, United States
‡Dipartimento di Fisica and INFN, Universita` di Roma Tor Vergata, Via della Ricerca
Scientifica 1, 00133 Roma, Italy
¶CNR-ISM, Division of Ultrafast Processes in Materials (FLASHit), Area della Ricerca di
Roma 1, Monterotondo Scalo, Italy
§Department of Physics, California Institute of Technology, Pasadena, California 91125,
United States
E-mail: bmarco@caltech.edu
Phone: +1 (626) 395-2515
Derivation of the Exciton Radiative Decay Rate
To calculate the exciton decay rate, we consider the transition between an initial state |SQ, 0〉
consisting of an exciton in state S with momentum Q and no photons, to a final state
|G, 1λq〉, where G is the electronic ground state and 1q denotes a photon with polarization
λ and wavevector q. The transition is accompanied by the emission of a photon, and is
S1
mediated by the minimal coupling interaction Hamiltonian:
H int =
e
m
A · p ; A =
∑
q
√
h¯
2ωqV 0
eq
(
aˆ†qe
−iq·r + aˆqeiq·r
)
, (1)
where V is the volume of the system, eq are the photon polarization unit vectors, and aˆq
and aˆ†q are the photon annihilation and creation operators, respectively. SI units are used
here and below. We employ Fermi’s Golden Rule to compute the exciton radiative decay
rate:
γS(Q) =
2pi
h¯
{(q·Qˆ)Qˆ=Q}∑
λq
∣∣〈G, 1λq|H int|SQ, 0〉∣∣2 δ(ES(Q)− h¯cq)
=
pie2
0m2cV
{(q·Qˆ)Qˆ=Q}∑
λq
1
q
|eq · 〈G|p|SQ〉|2 δ(ES(Q)− h¯cq), (2)
where we approximated e−iq·r ≈ 1 since the photon momentum is small. The sum runs over
two polarizations and the delta expresses energy conservation. Since we focus on monolayer
materials, the exciton has a 2D character, so that we can write its momentum as Q =
Qx xˆ + Qy yˆ when the material is contained in the xy plane. Momentum conservation then
requires that the in-plane component of the emitted photon wavevector be equal to Q,
namely, (q · Qˆ)Qˆ = Q (see Figure 1 of the main text); this constraint is noted in curly
brackets in the summation of eq 2. As explained in the main text, we approximate the
transition dipole matrix element as the 2D vector pS = 〈G|p|SQ〉 = pSxxˆ + pSyyˆ with
complex-valued components pSx and pSy. As noted in the main text, we use the velocity
operator, and compute the transition dipole as pS(Q) = (−im/h¯) 〈G| [x, H] |SQ〉 to correctly
include the non-local part of the Hamiltonian.
To evaluate eq 2, we write the exciton momentum as Q = Q cosϕ xˆ + Q sinϕ yˆ and,
without loss of generality, sum over the IP and OOP photon polarization vectors defined in
the main text. Taking the continuous limit of the summation over the photon wavevector,
using A for the area of the system and Lz for its length along z (so that V = A · Lz), and
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imposing the constraint q2 = Q2 + q2z inside the delta function, we obtain eq 4 of the main
text:
γS(Q)
=
pie2
0m2cV
Lz
2pi
∫ ∞
−∞
dqz
q
(∣∣∣∣− pSx sinϕ+ pSy cosϕ∣∣∣∣2
IP
+(cos2 θ)
∣∣∣∣pSx cosϕ+ pSy sinϕ∣∣∣∣2
OOP
)
δ(ES(Q)− h¯cq)
=
e2p2S
20m2cA
2
∫ ∞
0
dqz
q
(∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2
IP
+
q2z
q2
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
OOP
)
δ
(
ES(Q)
h¯c
−
√
q2z +Q
2
)
=
e2p2S
0m2cA
·
∫ ∞
Q
dq√
q2 −Q2
(∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2
IP
+
q2 −Q2
q2
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
OOP
)
δ
(
ES(Q)
h¯c
− q
)
= γS(0) ·
 ES(0)√
E2S(Q)− h¯2c2Q2
{∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2
IP
+
ES(Q)
2 − h¯2c2Q2
ES(Q)2
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
OOP
}
(3)
Angular dependence of the radiative rate
To compute the PL intensity emitted as a function of angle by an exciton S upon recombi-
nation, we first substitute
√
E2S(Q)− h¯2c2Q2
ES(0)
≈
√
E2S(Q)− h¯2c2Q2
ES(Q)
= cos θ
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in eq (4) of the main text, and obtain:
γS(Q)=
γS(0)
cos θ
·
{∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2
IP
+ cos2 θ
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
OOP
}
. (4)
Guided by Figure S1 below, we then convert γS(Q) to γS(θ, ϕ), as follows. For an exciton
in state S and with center-of-mass momentum Q located around a small area dAQ in phase
space, the emission occurs over a small solid angle spanned by the area dAθ. One can thus
write:
γS(θ, ϕ) dAθ = γS(Q) dAQ. (5)
Using dAQ = QdQdϕ as well as dAθ = q2 sin θ dθ dϕ, as seen in Figure S1, together with
Q = q sin θ, we obtain:
γS(θ, ϕ) = γS(Q) cos θ. (6)
Using eq 4, we finally obtain:
γS(θ, ϕ) = γS(0)·
{∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2
IP
+ cos2 θ
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
OOP
}
. (7)
This result is given in Eqs. (6-7) of the main text, where the IP and OOP rates are given
separately.
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Figure S1: An exciton associated with the phase space area dAQ (shown in green) decays
radiatively by emitting a photon through the area dAθ (shown in red).
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Temperature dependence of the radiative rate
To obtain the exciton radiative rate at temperature T , we average the rate using a parabolic
exciton dispersion:
ES(Q) = ES(0) +
h¯2Q2
2MS
(8)
where MS is the exciton effective mass, which is defined as the sum of the electron and
hole effective masses. Note that only excitons inside the light cone can decay radiatively, so
that the integration range is limited by an upper exciton momentum Q0, which satisfies the
light-cone condition:
h¯cQ0 = ES(0) +
h¯2Q20
2MS
. (9)
As a result, for a given exciton state S, we can take the thermal average of the radiative
decay rate along a fixed direction defined by the angle ϕ:
〈γS〉(ϕ, T )= 1
Z
∫ Q0
0
dQQe−h¯
2Q2/2MSkBT
γS(0)ES(0)√
E2S(Q)
2 − h¯2c2Q2
×
[∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2 + ES(Q)2 − h¯2c2Q2ES(Q)2
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
]
≈ γS(0)
∫ Q20
0
dQ2
[ ∣∣∣− pSxpS sinϕ+ pSypS cosϕ∣∣∣2√
1−h¯2c2Q2/E2S(0)
+
√
1− h¯2c2Q2/E2S(0)
∣∣∣pSxpS cosϕ+ pSypS sinϕ∣∣∣2
]
2MSkBT/h¯
2
= γS(0)
(
ES(0)
2
2MSc2kBT
)[
2
∣∣∣∣−pSxpS sinϕ+ pSypS cosϕ
∣∣∣∣2 + 23
∣∣∣∣pSxpS cosϕ+ pSypS sinϕ
∣∣∣∣2
]
= γS(0)
(
ES(0)
2
2MSc2kBT
)[∣∣∣∣pSxpS
∣∣∣∣2(23 + 43 sinϕ2
)
+
∣∣∣∣pSypS
∣∣∣∣2(23 + 43 cosϕ2
)
−2
3
(
p∗SxpSy + pSxp
∗
Sy
p2S
)
sin 2ϕ
]
,(10)
where the partition function
Z =
∫ ∞
0
dQQe−h¯
2Q2/2MSkBT , (11)
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and to compute the numerator we made the physically justified approximations ES(Q) ≈
ES(0) and Q0 ≈ ES(0)/h¯c.
As a last step, we average 〈γS〉(ϕ, T ) over the emission angle ϕ and take the inverse to
obtain the radiative lifetime in eq 11 of the main text:
〈τS〉(T ) =
[∫ 2pi
0
dϕ
2pi
〈γS〉(ϕ, T )
]−1
= γ−1S (0) ·
3
4
(
ES(0)
2
2MSc2kBT
)−1
. (12)
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